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Physical programming(PP) is an emerging multiobjectiveand design optimizationmethod that has been applied
successfully in diverse areas of engineering and operations research. The application of PP calls for the designer
to express preferences by de� ning ranges of differing degrees of desirability for each design metric. Although this
approach works well in practice, it has never been shown that the resulting optimal solution is not unduly sensitive
to these numerical range de� nitions. PP is shown to be numerically well conditioned, and its sensitivity to designer
input (with respect to optimal solution) is compared with that of other popular methods. The important proof is
provided that all solutions obtained through PP are Pareto optimal and the notion of Pareto optimality is extended
to oneof pragmaticimplication.The importantnotionof P dominancethat extends the concept of Pareto optimality
beyond the cases minimize and maximize is introduced. P dominance is shown to lead to the important concept of
generalized Pareto optimality.Numerical results are provided that illustrate the favorable numerical properties of
physical programming.

I. Introduction

M ULTICRITERIA optimizationis a useful and challengingac-
tivity with application to numerous disciplines. It provides

decisionmakerswith the tools for makinggooddecisionsand,hope-
fully, saving time in the decisionmakingprocess.Most multicriteria
optimization strategies require a complete and detailed formulation
of the problem; that is, the aggregate objective function, the con-
straints, and the bounds on the decision variable constraints need
to be clearly de� ned in mathematical terms. This task can be time
consuming and a potential source of serious errors. Moreover, this
formulation process can be beyond the expertise of many decision
makers because they do not usually think in terms of such mathe-
matical models. We believe that this situation severely reduces the
potentialpopularityof optimization.Because decisionmaking is an
activity that pervadesmost of professionallife, a more user-friendly
formof optimizationcouldhave trulybroadappeal.This new formal
quantitativeoptimization-baseddecision making process would re-
place more conventional trial and error methods based on tentative
judgement, intuition, and experience.

For optimizationmodels to be appealing, it must also be possible
to construct a formulation that faithfully re� ects the actual situa-
tion, in terms of both the behavior of the physical system and the
decisionmaker’s preference.The optimizationproblemformulation
often fails to include important constraints;most multicriteria opti-
mization approaches are implemented in a black box environment
in terms of the physical meaning of the designer-set parameters.
Understanding how to set a weight parameter in an optimization
model is generally a dif� cult trial-and-error process. It is not clear
how to set theseuser-de�ned parameterseffectively.More critically,
we do not generallyknow how sensitive the � nal solution is to these
user parameters.The ability to effectivelyexploit availablephysical
information is usually weak, and the ability to exploit information
generatedduringpreviousoptimizationruns is similarlynot inherent
to the models.
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In additionto these concernsare importantand fundamentalques-
tions:

1) Is the optimal solution generated by a given method always
Pareto optimal?

2) Given a Pareto point, can it always be captured by a given
method?

3) Is the ratio of changes in optimal solution to changes of model
input parameters a reasonably small and � nite number?

The second question is addressed in Ref. 1 within the context
of generic objective functions. Ongoing research is examining this
question within the context of physical programming. Physical
programming2 is a method that requests physically motivated in-
formation from the designer and produces a problem statement that
re� ects the realistic texture of the designer’s preferences. It de� nes
a lexicon that signi� cantly impacts the computational burden by
entirely eliminating the uncertain, time consuming, and often frus-
trating process of weight tweaking. This paper examines questions
oneand three in the case of physicalprogrammingand providespos-
itive answers to both. This examination is conducted in conjunction
with other popular methods. The issues are thoroughlydiscussed in
Refs. 1–14.

The remainder of this paper is organized as follows. Section II
presentsa briefoutlineof physicalprogramming.InSec. III, thede� -
nitionof Pareto optimalitywith respect to the physicalprogramming
classi� cation of preferences is introduced, and the proof that physi-
cal programmingsolutionsareParetooptimal is given.In theprocess
of this development,we introduce the importantpragmatic concepts
of P dominance and generalized Pareto optimality. Section IV pro-
vides mathematical and physical insight into the numerical stability
of several popular methods regarding the sensitivity of optimal so-
lutions to user input parameters. The role of the curvature of the
aggregate objective function hypersurface is examined within the
context of numerical examples. In Sec. V, the issues of Sec. IV are
again addressed, this time in the case of physical programming. In
the latter case the movementof optimal solutionson the Pareto fron-
tier, caused by changesin user-de� ned preferenceinput parameters,
is examined. Concluding remarks are presented in Sec. VI.

II. Physical Programming Synopsis
This section provides a synopsis of the physical programming

(PP) method. For a comprehensive presentation, see Ref. 2. PP is
intended to be a simple and user-friendlyoptimization method that
required negligible knowledge of optimization. The application of
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Fig. 1 Class function ranges for ith generic design metric.

PP employs a � exible and more natural problemformulationframe-
work. In PP, the designer does not need to specify optimization
weights in the problem formulation phase; rather, the designer
speci� es ranges of different degrees of desirability for each design
objective.

PP also addresses the inherent multiobjective nature of design
problems, where multiple con� icting objectives govern the search
for the best solution. PP provides a � exible and more deterministic
approach to obtaining a solution that satis� es the typicallycomplex
texture of a designer’s preferences. PP is implemented in the soft-
ware packageentitledPhysPro,15 which is MATLAB® based.Some
of the important concepts used in the PP method are described as
follows.

Design Metrics
The problem formulation involves identifying the characteris-

tics of the system, or design, that allow the designer to judge
the effectiveness of the outcome. Those characteristics, or design
metrics, are denoted by ¹i , which are components of the vector
¹ D .¹1; : : : ; ¹m/. The elements¹i representbehavior.Designmet-
rics may be quantities that the designer wishes to minimize, maxi-
mize, take on a certain value (goal), fall within a particular range,
or to be less than, greater than, or equal to particular values. The
designer de� nes preference with respect to each design metric by
providing certain numerical values. The design metric may become
partof an aggregateobjectivefunctionthatwill beminimizedormay

instead be treatedas inequalityor equalityconstraints that subjugate
the aggregate objective function.

Classi� cation of Objectives and Class Functions
Within the PP procedure, the engineer expresses objectives with

respect to each designmetric using four differentclasses.Each class
comprises two cases, hard and soft, referring to the sharpness of the
preference.All soft class functionswill become constituentcompo-
nents of the aggregate objective function. Figure 1 shows the qual-
itative meaning of each soft class. The value of the design metric
under consideration,¹i , is on the horizontal axis, and the function
that will be minimized for that objective, Pi .¹i /, called the class
function, is on the vertical axis.

The desired behavior of a generic design metric is described by
one of eight subclasses, four soft and four hard. These classes are
characterizedas follows. Soft consists of class 1S, smaller is better,
that is,minimization;class 2S, larger is better, that is, maximization;
class 3S, value is better; and class 4S, range is better. Hard consists
of class 1H, must be smaller, that is, ¹i · ¹i;max; class 2H, must be
larger, that is,¹i ¸ ¹i;min ; class3H, must be equal, that is,¹i D ¹i;val;
and class 4H, must be in range, that is, ¹i;min · ¹i · ¹i;max .

For each of these classes, we form a class function (Fig. 1). The
class functionsprovide the means for a designerto express the spec-
trum of preferences for a given design metric. The class functions
provide information that is deliberately imprecise. By design, the
utopian value of the class functions is zero. Next, we explain how
quantitativespeci� cations are associated with each design metric.
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PP Lexicon
PP de� nes a lexicon that provides the means to express prefer-

ence in a � exible way. This lexicon comprises terms that charac-
terize the degree of desirability of 6 ranges for each generic design
metric for classes 1S and 2S, 10 ranges for class 3S, and 11 for
class 4S. To illustrate, consider the case of class 1S. The ranges
are de� ned as follows, in order of decreasingpreference:highly de-
sirable range (¹i · ºi1 ), desirable range (ºi1 · ¹i · ºi2), tolerable
range (ºi2 · ¹i · ºi3 ), undesirablerange (ºi3 · ¹i · ºi4), highly un-
desirable range (ºi4 · ¹i · ºi5 ), and unacceptable range (¹i ¸ ºi5).

The parameters ºi1–ºi5 are physically meaningful constants that
are speci� ed by the designer to quantify the preference associated
with the i th design metric. These parameters delineate the ranges
for each design metric.

The class functions map design metrics into nondimensional,
strictly positive real numbers. This mapping, in effect, transforms
design metrics with disparate units and physical meaning onto a
dimensionless scale through a unimodal function. Figure 1 shows
the mathematical nature of the class functions and shows how they
allow a designer to express the ranges of differing goodness, or
preferences, for a given design metric. Consider the � rst curve of
Fig. 1, the class function for class 1S design metrics. Six ranges are
de� ned. The parameters ºi1 –ºi5 are speci� ed by the designer.When
the valueof the objective¹i is less than ºi1 (highly desirable range),
the value of the class function is small. This calls for little further
minimization of the class function. When, on the other hand, the
value of the objective ¹i is between ºi4 and ºi5 (highly undesirable
range), the value of the class function is large. This calls for signif-
icant minimization of the class function. The behavior of the other
class functions is indicated in Fig. 1. Preferences regarding each
design metric are treated independently,which allows the inherent
multiobjectivenature of the problem to be preserved.The preceding
discussion describes the basic process of PP: The value of the class
function for each design metric governs the optimization path in
objective space.

In the next section, after de� ning the concept of Pareto optimal-
ity and its generalized extension for application in PP and other
methods, the Pareto optimality of solutions obtained using PP is
established.

III. PP Pareto Optimality, P Dominance, Generalized
Pareto Optimality, and Fundamental Theorem

This section begins by examining the generic de� nition of Pareto
optimality within the context of a general multiobjective problem
statement, that is, one where the design metrics will not simply
be minimized and maximized. This development then leads us to
the de� nition and proof of the fundamental theorem addressing the
Pareto optimality of PP optimal solutions.

We begin with the multiobjective problem statement and associ-
ated de� nitions. Various problems in practical applications of con-
ventional optimization, particularly in engineering design, can be
recast in the form of a nonlinear multiobjective problem.

Problem P:

min
x2D

¹.x/ D

0

BBBB@

¹1.x/

¹2.x/

:::

¹m .x/

1

CCCCA
(1)

where D D fx 2 Rn j h.x/ D 0, g.x/ · 0, xmin · x · xmaxg, with
h: Rn ! Rne , g: Rn ! Rni , xmin 2 .R [ f¡1g/n , and xmax 2
.R [ fC1g/n ; m is the number of objectives, m ¸ 2; ne and ni are
the numbersof equalityand inequalityconstraints,respectively;and
¹i is at least twice differentiable for i 2 f1; : : : ; mg. For any deci-
sion vector x D .x1; : : : ; xn/, a criterion vector ¹ D .¹1; : : : ; ¹m /
is de� ned according to the function ¹: Rn ! Rm . Let Z D fz 2
Rm j z D ¹.x/; x 2 Dg be the set of images of all points in D, where
D is the feasible region in the decision space and Z the feasible re-
gion in the objective space; [¹1.x/; : : : ; ¹m .x/] are the coordinates
of the image of x in the objective space.

It is highly improbable that a single x¤ 2 P will minimize all
¹i simultaneously; therefore, we seek Pareto optimal solutions.16

A solution to a multiobjective programming problem is said to be
Pareto optimal (noninferior, nondominated) if there exists no other
feasiblesolutionthatwill yieldan improvementin onedesignmetric
without causing a degradation in at least one other design metric.
Thus, x 2 D is Pareto optimal if there does not exist y 2 D, whose
design metric vector, q D ¹.y/, dominates the design metric vector
of x, p D ¹.x/; that is, q · p (componentwise) with p 6D q. In other
words, there does not exist y 2 D satisfying ¹i .y/ · ¹i .x/ for all
i 2 f1; : : : ; mg and ¹ j .y/ < ¹ j .x/ for some j 2 f1; : : : ; mg. A point
x 2 D is said to be locally Pareto optimal if there is a neighborhood
of that point in D where it is Pareto optimal. Thus, a point, which is
Pareto optimal, that is, globally, is also locally Pareto optimal. The
de� nitionofPareto optimality is extendedto designmetricvectorsas
well. Therefore, in the precedingde� nition, p 2 Z is Pareto optimal
(respectively, locally Pareto optimal) in the objective space.

In conventional mathematical formalism, all soft design metrics
are generally minimized or maximized. For minimization,a smaller
value of the objective is always preferred to a larger value thereof,
and for maximization, the contrary applies. As stated, PP recog-
nizes the limitations of such a problem formulation framework by
employing a new expansive and � exible lexicon. As we recall, in
classes 3 and 4, we de� ne the optimization of a design metric in
terms of reaching a given value or a given range. Note that in the
cases of classes 3 and 4, which are very common in practice, the
preceding de� nition of Pareto optimality practically fails. In these
important cases, it is not possible to tell whether a smaller or a
larger value of the design metric is better or worse, thereby strik-
ing at the heart of the conventional de� nition of Pareto optimality.
Therefore, it is helpful to extend the de� nition of Pareto optimality
in a way that accounts for these cases. Next, we de� ne the concept
of Pareto optimality with respect to the PP classi� cation of pref-
erences (and other methods). We assume that the design metrics
are ¹1.x/; : : : ; ¹nsc .x/; : : : ; ¹m.x/, where nsc is the number of soft
design metrics. The PP2 problem model takes the form referred to
here as problem (P1). Speci� cally, we have the following.

Problem (P1):

min
x

P.¹.x// D 1
nsc

nscX

i D 1

Pi .¹i .x// (2)

subject to

¹i .x/ · ºi5 (2a)

for class 1S metrics,

¹i .x/ ¸ ºi5 (2b)

for class 2S metrics,

ºi5L · ¹i .x/ · ºi5R (2c)

for class 3S metrics,

ºi5L · ¹i .x/ · ºi5R (2d)

for class 4S metrics,

¹i .x/ · ºi;max (2e)

for class 1H metrics,

¹i .x/ ¸ ºi;min (2f)

for class 2H metrics,

¹i .x/ D ºi;val (2g)

for class 3H metrics,

ºi;min · ¹i .x/ · ºi;max (2h)

for class 4H metrics,

xi;min · xi · xi;max (2i)
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for decisionvariableconstraints,whereºi;min; ºi;max; ºi;val; xi;min , and
xi;max representprescribedvalues. The aggregateobjective function
comprises class functions associated with soft design metrics. The
hard design metrics are treated as constraints. The set of decision
vectors satisfying Eq. (2a–2i) de� ne the feasible region D.

To extend the concept of Pareto optimality to the common case of
classes3 and4, we beginby introducingpertinentterminology.Con-
sider the design parameter vectorsx, y 2 D, and a soft design metric
¹i , i 2 f1; : : : ; nscg. The vectorx is said to be P dominatedby y with
respectto ¹i if Pi [¹i .y/] < Pi [¹i .x/]. We emphasizehere an impor-
tant distinction.The notion of P dominance with respect to a partic-
ular design metric is distinct from the conventional notion of dom-
inance in the context of several design metrics. The similarities and
distinctions of these two de� nitions are discussed in the following.

The preceding de� nition implies that ¹i .y/ < ¹i .x/ for ¹i be-
longing to class 1S (minimization), and ¹i .x/ < ¹i .y/ for ¹i be-
longing to class 2S (maximization). In the case of classes 3S and
4S, we are not able to predict the relationship between ¹i .x/ and
¹i .y/ even when we know that one is preferred over the other (see
Fig. 1, classes 3S and 4S). To see this, consider the following situa-
tion. Let ¹i .x/ belongto the left desirableregion(class4, Fig. 1). Let
it be known that the designer prefers ¹i .y/ over ¹i .x/. Therefore,
we know that Pi [¹i .y/] < Pi [¹i .x/]. However, we have no way to
tell which is the smaller of ¹i .y/ and ¹i .x/ because ¹i . y/ may be
on the right or left of ¹i .y/ in one of the, for example, tolerable re-
gions. For example, ºi2L · ¹i .y/ · ºi1L and fºi3L · ¹i .x/ · ºi2L or
ºi2R · ¹i .x/ · ºi3R g. Therefore,we see that any de� nition of Pareto
optimality that relies on the relative size of the design metrics will
encounter dif� culties in the common case of classes 3 and 4.

We now address the notion of P dominance in the important con-
text of m design metrics. The design parameter x is said to be P
dominated by y (or equivalently, y P dominates x) if there exists
at least one k 2 f1; : : : ; nscg such that x is P dominated by y with
respect to ¹k ; for each j 2 f1; : : : ; nscg, j 6D k, y is not dominatedby
x with respect to ¹ j . This means that Pk [¹k .y/] < Pk [¹k.x/] and
Pj [¹ j .y/] · Pj [¹ j .x/] for j 2 f1; : : : ; nscg, j 6D k.

We observethat the de� nitionofP dominanceis the naturalexten-
sion of the de� nition of dominance in the parlance of conventional
optimization.Thus, x is a P-nondominatedvector if any further im-
provement in any one of the design metric values ¹k .x/ requires
a worsening of at least one other design metric value. The earlier
de� nition leads us to the important concept of generalized Pareto
optimality, which is de� ned as follows. A point x 2 D is said to be
generalized Pareto optimal (GPO) if there does not exist a point y
that P dominates x. In addition, a point x 2 D is said to be locally
GPO if there is a neighborhoodof the point x in D, where x is GPO.

These de� nitions formally extend the well-known concepts of
Pareto optimality and dominance. We note, � rst, that although the
preceding discussion took place in the context of classes 3 and 4
of PP-de� ned preferences, the de� nitions are directly applicable
and helpful in the context of any other multiobjective optimiza-
tion approach. In fact, these de� nitions allow these approaches to
seemlessly extend their applications from minimization (class 1S)
and maximization (class 2S) to the important and common cases
of classes 3 and 4. We note, second, that the discussion of these
new concepts is in no way limited to the way the class functions are
de� ned. That is, we could very well have de� ned a higher value of
the preference function to be preferred over a lower value thereof
(see Fig. 1).

We concludethediscussionof theseextendedconceptsbymaking
some insightful and useful observations. As discussed in the pre-
ceding section, one property commonly considered necessary for
any candidate solution of a multiobjective optimization problem is
that the solution be Pareto optimal. Pareto optimality allows the de-
signer to restrict attention to a single solution or a very small subset
of solutions among the much larger set of feasible solutions. Pareto
optimality is always de� ned within the context of designer pref-
erence, for example, minimize the design metrics. Unfortunately,
conventional de� nitions of Pareto optimality are generally formu-
lated in terms of the relative values of these design metrics.

As we see from the preceding discussion, in the case of classes
3 and 4, these de� nitions degenerate. These de� nitions are de� ned

in design metric space. In light of this realization, we see that a
more appropriate space for the de� nition of Pareto optimality is
the preference space. In other words, in Fig. 1, instead of using
the design metrics (horizontal axes) to de� ne Pareto optimality,
we should use the preference measures (vertical axes). In prefer-
ence space, the traditional de� nition of Pareto optimality applies,
where the word design metric is replacedby preferencemeasure (in
the PP case, the vertical axes in Fig. 1). This realization naturally
leads to the notion of P dominance, P for preference (or PP, as a
special case). This concept of P dominance naturally leads to that
of GPO.

We now have the requisite tools to directly address the chief
topic of this section, namely, the proof that all optimal solutions
generated using PP are Pareto optimal, or, more speci� cally, GPO.
This development follows, in the form of a theorem and proof.

PP GPO
Theorem: Let a 2 D; if a is the optimal vector in problem (P1),

then a is GPO.
Proof: Suppose that a is not GPO; then, there exists a point c 2 D

such that a is P dominated by c; thus, there exists at least one in-
dex k, with k 2 f1; : : : ; nscg, such that Pk [¹k.c/] < Pk [¹k .a/] and
P j [¹ j .c/] · Pj [¹ j .a/] for all j 2 f1; : : : ; nscg, j 6D k. Because a is
the optimal vector in problem (P1), then P[¹.a/] D minx P[¹.x/].
We have

P[¹.c/] ¡ P[¹.a/] D
1

nsc

nscX

i D 1

Pi [¹i .c/] ¡
1

nsc

nscX

i D 1

Pi [¹i .a/]

D 1
nsc

nscX

i D 1

fPi [¹i .c/] ¡ Pi [¹i .a/]g (3)

It follows from Eq. (3) that P[.¹.c/] ¡ P[¹.a/] is negative;
therefore, P[¹.c/] < P[¹.a/]. This contradicts that P[¹.a/] D
minx P[¹.x/]. Thus, a is not P dominated by c. Hence, a is GPO.

From a pragmaticperspective,we now make some comments that
relate theory to practice.The most common computationalcodes for
nonlinear optimizationare gradient based and can at best guarantee
local Pareto optimality of the obtained solution. Consequently, if
the code used for the implementation of the PP problem (P1) gives
only localminima, then the solution to problem(P1) is locallyGPO.
Therefore, to guarantee (global) generalized Pareto optimality, we
simply need to use a globaloptimizationcode as the PP optimization
engine. With the completion of the developments of P dominance,
generalized Pareto optimality, and proof of the generalized Pareto
optimality of PP’s solutions,we address the next topic, namely, the
sensitivity of PP’s solution to changes in user parameter preference
input.

IV. Sensitivity of Optimal Solutions to Changes
in User Parameters: Other Methods

All practicalmultiobjectiveoptimization/designmethods involve
the participation of the designer in several ways. One of the most
important aspects of this participationinvolves the designer’s speci-
� cationof input parameters that guide the eventualoptimal solution.
As the designer changes these input parameters, the optimal solu-
tion location moves on the Pareto frontier. Some forms of these
input parameters are commonly called weights. Others, such as the
exponentof a design metric, are not generally referred to as weights
because they are not primary tools used for navigating in the objec-
tive space. These parameters primarily affect the curvature of the
aggregate objective function. The PP method, as mentioned earlier,
uses instead physically meaningful preference parameters, which
play in essence the same role as weights in other methods. Some
methods explicitly seek to generate a comprehensiverepresentation
of the Pareto frontier. When the simplicity of the problem allows,
a closed form of the Pareto frontier is derived.17 More recently, at-
tempts have been made to approximate the entire frontier.4;5;14;18;19

Our pervasiveuse of input parameters to guideour eventualsolution
gives rise to some important and fundamental questions.
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1) Does the designer have reliable guidance regarding how to
change these input parameters to converge to the desired optimal
solution?

2) What is the impact of the changes in input parameters on
the shape of the aggregate objective function hypersurface? More
important, can these shape changes result in the arbitrary ability to
capture all Pareto points?

3) Do the aggregateobjectivefunctionshape changesresult in the
arbitrary ability to obtain all Pareto points? More important, does a
small change in input parameters yield to a correspondingly small
change in the optimal solution?

First Question: Guidance in Changing Input Parameters
These questionsdeserveour carefulexamination.The � rst is thor-

oughly examined in Ref. 2, which concludesthat the typicalweight-
tweaking process is a problematic area of multiobjective optimiza-
tion and proposes the PP method as an effective alternative. The
second and third questions are examined in the following, within
the context of PP and other methods.

Second Question: Hypersurface Changes
The answer to the second question has profound implications. In

Ref. 1, it is shown that the very ability of an aggregate objective
function (AOF) to yield expected Pareto solutions depends on the
curvature of the hypersurface of the AOF at the optimum point,
that is, at the point where the AOF supports the Pareto frontier.
Therefore, we should expect these input parameters to give us the
arbitrary ability to change the curvature of the AOF. In fact, such
ability is a prerequisite if we wish to be able to generate any and
all Pareto points. We should have the ability to obtain a vanishing
radius of curvature of the AOF as we appropriately alter the input
parameters.

To furtherexaminethisquestionandgain insightinto the behavior
of different generic AOF structures,we study the behavior of three
common AOFs namely, the weighted sum method, the weighted-
square-sum method, and the compromise programming method.
The case of PP is examined later in more depth.

Weighted sum (WS):

J D w1¹1 C w2¹2 (4a)

or

J D ¹1 C wr ¹2; wr D w2=w1 (4b)

Weighted square sum (WSS):

J D w1¹2
1 C w2¹2

2 (5)

Compromise programming (CP):

J D w1¹s
1 C w2¹s

2 (6)

For each of these cases, we study the behavior of the shapes of
the AOFs. The � rst column of Fig. 2 shows pertinent graphs. To
represent the changes in input parameters, we let the weights w1

and w2 change according to the information provided in Table 1.
When the weights are varied according to Table 1, we see that the
change in AOF’s hypersurfaceis, in fact, very favorablebecause this
change pattern of the weights makes it possible to cover the whole
spectrum of possibilities. In this way, we are taking a conservative

Table 1 Input parameter variation

Case w1; °1 w2; °2 wr

1 0 1 1
2 0.1 0.9 9
3 0.2 0.8 4
4 0.3 0.7 2.3
5 0.4 0.6 1.5
6 0.5 0.5 1
7 0.6 0.4 0.6
8 0.7 0.3 0.42
9 0.8 0.2 0.25
10 0.9 0.1 0.11
11 1 0 0

approach in our eventual conclusions. In reality, we usually change
weights more in line with Eq. (4b), for which the equivalentweight
wr would be highly uneven. If we implement an even rate of change
in wr , we will only cover a small portion of the intended spectrum
of weights. These unsettling observations provide useful insights
into some of the sources of de� ciencies of weight-based methods.
In Table 1, from case 2 to case 1, wr jumps from 9 to 1.

First, we consider the case of the WS, the simplest and most
popular method used in practice and arguably the most de� cient.1

We note that the WS method represents a hyperplane whose slope
changes as the input parameters (weights) vary. Whereas this slope
change allows for the WS AOF to yield a series of Pareto points
along the Pareto frontier, the structure of the WS method fatally
fails to permit any change in AOF curvature. As a result, the WS
method cannot yield any desiredPareto solution located on concave
Pareto frontiers. In Fig. 2a, we represent the effect of the weight
changes [Eq. (4a)] by plotting the correspondingslopes of the AOF.
We note that the slopes change evenly, but the slope change that
would result from an even change of wr would not be at all even.

Second, we consider the case of the WSS, shown in Eq. (5). As
explained in Ref. 1, this AOF structure is signi� cantly more � exible
than that of the WS. Figure 2c shows the contour lines of the AOF
for J D 1, for different values of the weights according to Table 1.
We note that the shape of the AOF changes as the weights change
and so does its curvature. These are desirable properties. However,
the weights alone are not able to arbitrarily alter the curvature. To
do so, we can use the CP method, discussed next.

The CP AOF is representedin Eq. (6). Figure 2e shows the impact
of changing the power s in Eq. (6). These contour lines (for J D 1)
were developed for case 2 (Table 1); and for s D 2, 3, 4, 5, and
12. Note that by increasing the power s we are able to arbitrarily
increasecurvature.Thisabilitymakes theCP methodable to capture,
in theory, all Pareto points.

We have establishedthe respectiveabilitiesof threepopularAOFs
to change the shape of their hypersurface as their input parameters
are varied.Next, we examine the in� uence of these changes in input
parameters on the optimal solutions obtained.

Third Question: Hypersurface Shape Changes,
Numerical Conditioning

We are interested in two important related questions. First, do
these changesin AOF (resultingfromweights’ changes) provide the
arbitrary ability to obtain all Pareto points? Second, does a small
change in input parameters result in a correspondinglysmall change
in the solution?

To answer the � rst question, the developmentsof Ref. 1 are help-
ful. Here, we only examine this question within the context of the
following � ve optimization examples:

min ¹ D
µ

¹1

¹2

¶
(7a)

subject to

0 · ¹1 · 1 (7b)

0 · ¹2 · 1 (7c)

and for example 1 only,

.¹1 ¡ 1/4 C .¹2 ¡ 1/4 · 1 (8)

for example 2 only,

.¹1 ¡ 1/2 C .¹2 ¡ 1/2 · 1 (9)

for example 3 only,

¹1 C ¹2 ¸ 1 (10)

for example 4 only,

¹2
1 C ¹2

2 ¸ 1 (11)

and for example 5 only,

¹4
1 C ¹4

2 ¸ 1 (12)
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a) WS, gradients changes vs weights variations

b) WS results

c) WSS, objective function shapes changes vs
weights variations

d) WSS results

e) CP, objective function shapes changesvs exponents
changes

f) CP results

Fig. 2 Sensitivity of optimal results to input parameter variation.

Theseexamplesweredesignedto providerelativelyextremecases
of AOF curvature: negative, zero, and positive.

For the WS AOF, the results of the optimization examples are
reported in Fig. 2b. As we see, for example 1 (the leftmost curve)
the optimal solutions re� ecting the weights of Table 1 are fairlywell
distributed except near the endpoints where the distance between
solutions is signi� cantly larger. For example 2, the distribution of
the solutionsis improved,as thePareto frontieris morebenign.In the
cases of examples 3–5, however, the de� ciencies of the WS method
exhibit themselves. For example 3, the situation is degenerate, and
we can only reliably generate the endpoints. For examples 4 and

5, only the endpoints can be generated at all. The WS cannot yield
solutions on concave Pareto frontiers.

We now consider the WSS AOF, whose optimization results are
presented in Fig. 2d. In this case, the distributionof the solutions is
not favorable for examples 1 and 2, but fairly even for example 3.
However, for examples 4 and 5, no solution could be obtained,
except for the endpoints.The WSS AOF couldnot yield the required
curvature (see Ref. 1).

The CP AOF resulted in a mixed assessment (see Fig. 2f). On the
positiveside, it couldcapturesolutionsin all regionsof all examples.
On the negative side, however, the distribution of the solutions was
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not particularly even. That is, for an even distribution of changes in
inputparameters,we did not obtainan evendistributionof solutions.
To capture the points in example 5, we used the exponent s D 6 in
Eq. (6) (s D 2 would be equivalent to the WSS).

In summary, theWS AOF yieldeda gooddistributionof solutions,
but did so only for convex Pareto frontiers. The distribution was
better for more benign Pareto frontiers (ones with relatively even
curvatures). The WSS AOF worked well in the case of a straight
line Pareto frontier but displayed a poorer solution distribution and
did not work for Pareto frontiers of high curvatures. The CP AOF
is the most � exible, but may also display the worst distribution
of solutions. Therefore, this strong � exibility in the CP method to
capture Pareto points is not easily exploitable. We cannot rely on
hope that even changes in input parameterswill allow us to navigate
in the objective space in an even/predictable way. We now examine
the issues addressed in the case of PP. This latter case is suf� ciently
different from the former to warrant its own section.

V. Sensitivity of Optimal Solutions to Changes
in User Parameters: PP

In this section, we examine the behavior of the optimal solution,
that is, its movement on the Pareto frontier, when the user input pa-
rameters are varied. We parentheticallynote that the issues at hand
are different from those of sensitivity of performance to design pa-
rameter uncertainties.20 The preceding section addressed this issue
for three popular methods: WS, WSS, and CP. This examination is
signi� cantly different in the case of PP. Whereas in the preceding
cases the userparameterswere physicallymeaninglessbut relatively
few, the number of PP user input parameters is larger. Fortunately,
the PP user inputs are physicallymeaningful preferenceparameters
pertinent to each design metric. To study the sensitivity issues, we
need to devise a way to examine the effects of these preference pa-
rameter changes. In addition, we need this way to be an analog of
how we changed the weights in Sec. IV, that is, Table 1. To perform
the examination of this section, we proceed as follows. 1) We de-
cide how to change the user preference inputs. 2) We examine the
consequence of these changes within the context of the examples
de� ned in Sec. IV.

Preference-Change Method
To representa designer’s preferenceof one design metric relative

to another design metric (let us consider class 1S for simplicity), we
shift the preferences leftward or rightward uniformly. That is, we
are keeping the lengths of same ranges in Fig. 1 equal.For example,
all of the desirable ranges have equal length; the same applies to
tolerable, undesirable, and highly undesirable ranges (for classes
1 and 2, the highly desirable range has in� nite length). When we
shift the preferences to the right, we place increased importance on
minimizing the respective design metric; the converse applies to a
shift to the left. In this way, we can simulate an analog of the weight
changes of Table 1 by similarly shifting the preferences. We will
then observe the corresponding changes in the optimal solutions.
Let us examine what happens to the AOF hypersurface when we
change the preferences in this fashion.

AOF Shape Change with Respect to Preference Changes
We have decided to change the preferences such that the lengths

of the ranges are constant. Furthermore, according to Ref. 2, the
class function values at the regions’ intersections are also constant.
Speci� cally (see Fig. 1), we have

Pi .ºik / D zk 8i; k D 1; : : : ; 5 (13)

for the i th design metric. Therefore, the change that takes place as
one travels across the kth region is also constant and given by

Qzk ´ zk ¡ zk ¡ 1; k D 2; 3; 4; 5; z1 ´ Qz1 D 0:1 (14)

We have

Qzk D ¸nsc Qzk ¡ 1; ¸ > 1; k D 2; 3; 4; 5 (15)

where nsc is the number of soft design metrics. Equation (15) re-
minds us (see Ref. 2) that the vertical excursions across any same

regions are equal. Similarly, by assumption, we have taken the re-
gion lengths to be constant (in fact, equal). That is,

Nºi k D ºik ¡ ºi.k ¡ 1/ ´ ai=4; k D 2; 3; 4; 5 (16)

At this point, we are ready to state that the AOF hypersurfacewill
not change its shape when we alter the preferences in the manner
discussed. This is because the surface shape only depends on Nºi k

and Qzk (see Ref. 2 for details).

Determining the Shifting Vector
Note here that some detailedaspectsof the strategy for generating

the PP solutions are not germane to the topic of the paper and are,
therefore, presented concisely.A complete presentationof the gen-
eration of evenly spaced Pareto solutions using PP is presented in
Ref. 21. The interested reader is advised to refer to that publication.
The � rst step in the procedure is to determine the extrema of each
design metric. The design metrics are minimized individually, and
the minimum value of the i th design metric, Fmin;i , and the corre-
spondingvaluesof the other objectivesare used to form a row vector
Ri of nsc elements.This vector correspondsto a point in the ef� cient
set where the valueof the i th designmetric is a minimum. Similarly,
the vector Ri of all of the nsc soft design metrics are calculated,and
the matrix F is formed. The structure of F is as follows:

F D

2

664

Fmin;1 F1;2 ¢ F1;nsc

F2;1 Fmin;2 ¢ F2;nsc

¢ ¢ ¢ ¢
Fnsc ;1 Fnsc;2 ¢ Fmin;nsc

3

775 (17)

The minimum values of the design metrics form the diagonal
elements of F . We see that the maximum value the i th design metric
can take in the ef� cient set is the maximum value of the i th column
of the F matrix, given by Fmax;i . We de� ne the preferencevectors as
follows.De� ne the quantitythat will representthe translationacross
the feasible space for the i th design metric as

St
i D °i Fmin;i C .1 ¡ °i /Fmax;i ; 0 · °i · 1 (18)

In our case, we let °i take the values in Table 1, for i D 1 and 2. Next
we de� ne the three vectors

S p
i D ¡.n p ¡ 1/.ai=4/ (19)

for n p D 1; 2; 3; 4, or 5,

S f
i D ®i di ; ¡1 · ®i · 1 (20)

Po
i D

©
0 1

4
1
2

3
4 1

ª
ai (21)

where

ai D di=nd ; di D Fmax;i ¡ Fmin;i (22)

We note that it is useful to have
­­S f

i C S p
i

­­· di=2 (23)

which leads to the requirement

¡ 1
2

C .n p ¡ 1/=4nd · ®i · 1
2

C .n p ¡ 1/=4nd (24)

for the preference to impact the solution effectively. With the pre-
ceding development, we obtain the preference vector for the i th
generic design metric as (see Fig. 1, class 1S)

Pi D

8
>>>><

>>>>:

ºi1

ºi2

ºi3

ºi4

ºi5

9
>>>>=

>>>>;

D
©

St
i C S f

i C S p
i

ª
E C Po

i (25)

where E D f1; 1; 1; 1; 1g.
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a) PP, objective function contours c) PP results

b) PP, AOF changes resulting from input preference parameter changes

Fig. 3 Stability of PP solutions with respect to input preference parameter changes.

With the particular value nd D 2, we can ensure that we cover all
of thePareto hypersurface.As stated,Ref. 21 providesa comprehen-
sive presentation and set of applications of the use of the approach
to generate evenly spaced Pareto points for different optimization
approaches. Only the minimum required information is presented
here for the sake of brevity. We now proceed with the numerical
examples.

In line with the preceding development, we let nd D 2:5 and
di D 1. For the sake of variety, we let n p D 3 for examples 1–3,
and n p D 1 for examples 4 and 5. We also let ®1 D ®2 D 0. We note
that the value of n p has some impact on the distribution of the
solutions.

Figure 3 shows the solutions obtained using PP. We immedi-
ately observe that the distribution of solutions is highly favorable.
In Fig. 3a, we see the generic shape of the PP hypersurface,which
offers virtually arbitrary � exibility in terms of curvature.This prop-
erty affords it the ability to capture all Pareto points. Figure 3b

shows how this hypersurface translates across the feasible space to
capture an evenly distributed set of Pareto points. Finally, in Fig. 3c
we observe that, indeed, the points are very well distributed for all
of the examples, for both convex � at and concave Pareto frontiers.
The practical meaning of this observation is the knowledge that the
PP method behaves well with respect to designer input preference
parameters. A small change in input will generally yield a corre-
spondingly small change in optimal solution.

VI. Conclusions
This paper presented a theoretical examination of the Pareto op-

timality of solutions obtained using PP, the result of which is that
all solutions obtained using PP are indeed Pareto optimal. In the
process, the important concept of P dominance was presented and
developed within the context of multiobjective optimization meth-
ods. This notion of P dominance led to the associated concept of
generalized Pareto optimality, which must be invoked any time we
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are interestedin doingmore thanminimizingandmaximizingdesign
metrics (actually,a common occurrence). Next, this paper examined
the important issue of stability of optimal solutions with respect to
user input parameters to express preferences. This question was
examined within the context of PP and other popular methods, cul-
minating a useful comparison of these methods. The conclusion
is that PP compares favorably to the other methods and yields an
evenly distributed set of solutions for an evenly distributed set of
preference input parameters. Work in this area is ongoing and will
hopefully allow for more comprehensive conclusions.
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